Résumé. 2014 On observe fréquemment un ordre hexagonal dans les cristaux liquides, notamment dans les phases smectiques. Nous Abstract. 2014 An hexagonal order is frequent in liquid crystals, namely in many smectic phases. We consider here the non smectic phases formed by hexagonally packed, indefinite and flexible rods. The Volterra method enables three main components of the translation defects to be defined : transverse edge and screw dislocations and longitudinal edge dislocations. One also defines disclinations. Those formed about axes normal to rods must be frequent. The other disclinations about axes parallel to rods have little chance of existing. However, they can be involved in the architecture of the core of certain translation defects. In the absence of dislocations, the layers of rods of the hexagonal system form developable surfaces in the continuously distorted mesophases. Such domains must be limited by developable caustics, which often degenerate into axes. The rods then form coaxial circles or parallel arcs about these axes. Certain comparisons can be made with smectics. The presence of an hexagonal order in certain lyotropic cholesterics explains the general absence of focal lines in such phases.
Abstract. 2014 An hexagonal order is frequent in liquid crystals, namely in many smectic phases. We consider here the non smectic phases formed by hexagonally packed, indefinite and flexible rods. The Volterra method enables three main components of the translation defects to be defined : transverse edge and screw dislocations and longitudinal edge dislocations. One also defines disclinations. Those formed about axes normal to rods must be frequent. The other disclinations about axes parallel to rods have little chance of existing. However, they can be involved in the architecture of the core of certain translation defects. In the absence of dislocations, the layers of rods of the hexagonal system form developable surfaces in the continuously distorted mesophases. Such domains must be limited by developable caustics, which often degenerate into axes. The rods then form coaxial circles or parallel arcs about these axes. Certain comparisons can be made with smectics. The presence of an hexagonal order in certain lyotropic cholesterics explains the general absence of focal lines in such phases. 1 . Introduction : a brief review of hexagonal structures in liquid crystals. - The examination of X-ray diffraction patterns of several types of liquid crystals reveals the frequent existence of hexagonal packing. In nematic and cholesteric liquids formed by solutions of synthetic polypeptides, the a-helices are arranged hexagonally, the intermolecular distance depending on the concentration [1] .
Hexagonal arrays are observed within layers in smectics B. The molecules are either normal to the layers or tilted [2] [3] [4] . Hexagonal phases are well known in water-lipid systems and, more generally, in amphiphilic molecules and polymers (review in [5] and [6] ).
Another example of hexagonal liquids is provided by the first synthesized discotic components [7] [8] [9] [10] [11] . The disc-like molecules form cylindrical piles, which lie parallel in hexagonal order. The distance of two successive molécules in one pile strongly fluctuates.
The disc-like molecules of two adjacent stacks are not in register. The piles can glide with respect to the others and they can bend in parallel [9] .
The discotic liquid crystals are thermotropic, but might have lyotropic analogues, as previously suggested [12] . The defects and textures of hexagonal mesophases have been briefly described [9, [13] [14] [15] . We study here the geometry of the hexagonal packing of indefinite and flexible rodlike micelles.
2. Symmetries of non smectic hexagonal mesophases. - The two main examples : discotic liquid crystals and hexagonal phases of water-lipid systems show a uniaxial negative birefringence [9, 14] . The director can be represented by a unit vector n parallel to the optical isotropy axis. The arrow direction is chosen arbitrarily. The symmetries of the perfect crystal are described in figure 1. The directions of L and n are thus independent. A longitudinal edge dislocation is represented in figure 3B and a transverse edge dislocation in figure 3C . All translation dislocation lines L can be replaced by a succession of segments parallel either to b or to n or to b A n. These three kinds of segments are drawn in figures 3A , B, C, in the case b = a. An important hybrid dislocation (screw and edge) is shown in figure 4 . Another interesting Burgers vector is
The three main situations corresponding to this vector are described in figure 5 . [15] . The disclination + Tr/3, which leads to a central elements enclosed by a ring of five neighbours is found in polyhedral viruses such as adenoviruses and certain bacteriophages. They also exist in the compound eye of insects, which involves an hexagonal array distributed on a convex surface. The -n/3 disclination forms a decorative pattern in the test of certain diatoms [15] . The disclination -x/3 has a central element enclosed by a ring of seven neigh-' bours. C, D : disclinations + 2 n/3 and -2 Tr/3 formed around a L6 axis. Such systems are not observed in natural hexagonal systems and have little chance of existing in really hexagonal mesophases. They may have been used in certain ancient architectures. E, F : disclinations + or -2 n/3 about the L3 axes. figure 10 . As indicated above, the X-ray diffraction patterns do not allow one to establish the presence or absence of a six-fold axis. The symmetry axes L2 and 02, the symmetry plane (L6, 02) and the symmetry centre are also abolished in the absence of L6. Certain associations of disclinations could serve as a proof of the existence of L6. Consider for instance a system of two + n disclinations forming an angle of 900 and associated as shown in figure 11 . The angle of the two Fig. 11 [16] . An example of a twist disclination in an hexagQnal mesophase is represented in figure 12 . Fig. 12. -Pathological disclination + n/3 around a L6 axis. For clarity, the rotation is confined to a unique edge of the frame. This figure finds its inspiration in [25] .
The vector of the + rc/3 rotation is normal to the disclination line. Such defects seem to be pathological and have little chance of existing. However, they show how one passes continuously from a longitudinal disclination + n/3 to the opposite longitudinal disclination -n/3. The line ceases to be parallel to the rotation vector fi and becomes a twist disclination and then turns to an opposite disclination -n/3. The closed circuit of figure 13 shows the possible relation between wedge and twist disclinations.
Opposite wedge disclinations are associated in figures 3B and 5B to form edge dislocations. In screw dislocations such as that represented in figure 3A , one can define two opposite circuits corresponding to the pathological twist disclinations of figure 12 . We have built in figure 14 an hybrid disclination with two rotation vectors parallel and normal to the line.
This defect also has little chance to be encountered. (Fig. 15) . Let there be a plane P(M), normal to C at each point M. In some region of the space, namely in the vicinity of C, the unit vectors n, normal to planes P are defined and present integral curves which will be called the set (C) of parallel curves to C. It is clear that one can consider in a set (C) a subset (H) forming an hexagonal array in transverse section P (Fig. 16 ). Let us call h this hexagonal array.
The planes P envelop a developable surface D and are tangent to D along generators g. D presents a cuspidal edge E, which is the envelope of g (Fig. 15) . The curves C are normal to D and any hexagonal subset (H) of (C) cuts D along an hexagonal lattice hd. Consider a given point M in a plane P and a, one of the principal vectors of the hexagonal array. One can define in P the straight line t, set of the points T such as MT = Âa, Â being any real number (Fig. 16 ). The line t generates a surface T when M describes C (Fig. 17) . This surface is the envelope of the planes normal to P along t. The surfaces r are therefore developable. This means that, for a disçotic liquid, the set of piles belonging to a row-line of the hexagonal array forms a layer of constant thickness, which has the shape of a developable surface (Fig. 17) . These layers of piles are separated by parallel equidistant surfaces 6 whose normals m are in planes P (Fig. 17) . (Fig. 18) (Fig. 19) . This geometry corresponds partially to that of + n disclinations. However, it is not necessary in general that the axis £5 coincides with a T2 or e2 axis. There is a discrete series of orientations of hd which satisfy these conditions. There are also diameters of the glass cylinder which allow one of the vectors a, a' or a" to be normal to the cylinder axis. One finds again the figure 20A . In general, a, a', a" are oblique and hd is formed by a triple set of parallel helices. This can represent either smectic layers or parallel elongated rods of an hexagonal mesophase around a glass cylinder, with definite anchoring conditions. B : A Riemann surface generated by half tangents to an helix. Parallel curves C are the normal lines to these half tangents in this surface. The helix is thus the evolute of curves C.
The layers of the hexagonal mesophase are the surfaces formed by the sets of half-tangents t to the helices td. The flexible rods in these surfaces follow the curves C which are the parallel curves lying normally to the tangents t (Fig. 20B) . The director n is parallel to molecules in smectics A and one has generally : curl n = 0 and div n :0 0. In the presence of dislocations, curl n is slightly difi'erent from zero. The component of curl n parallel to n corresponds to the density of screw dislocations and the normal component to that of edge dislocations [17] . In non smectic hexagonal mesophases, n. curl n = 0 and div . n = 0 ; the presence of a bend corresponds to n n curl n 0. The transverse edge and screw dislocations make div n and n. curl n slightly different from zéro ; the presence of longitudinal dislocations or disclinations do not change the value of div n or curl n and more simply do not affect the field n. In hexagonal phases devoid of dislocations one has curl a = curl a' = curl a" = 0 ; if q represents any linear combination of a, a' or a", one has also curl q = 0. The density of longitudinal edge dislocations is proportional to n. curl q, q being a vector normal to layers and of constant length. 8 . Discussion. -A parallel research on hexagonal mesophases is due to Kléman [18] . It is shown in this work that we admitted intuitively the existence of planes P, which actually deserves a demonstration. Kléman presents a more complete treatment of the problem. The defects of the hexagonal mesophase have been studied by Kléman and Michel [19, 20] in the framework of the theory of homotopy groups [21] . This (2) corresponds to the presence of a translation defect in a smectic A or to a rotation defect by an angle Tr/3 (or 2 n/3), about an axis parallel to n. The circuit (3) represents a Tr-disclination about an axis normal to n in both phases. In the absence of polarity (n = -n ; a = -a) one has to identify points symmetrical with respect to the horizontal middle plane.
In smectics A, the manifold of internal states is of dimension 3. In hexagonal (non smectic) mesophases, the dimension is 5. The director is represented by the hemisphere P2, transformable into a disc.
One must also define the orientation of a ; the corresponding parameter varies from 0 to Tc/3 (or to 2 n/3 in the absence of a L6 axis). This allows the building of a submanifold of dimension 3, in the form of a solid cylinder with identifications of points similar to those described in figure 21 for figure 6AB, figure 12 and figure 13, belong to The only point is that one has to start from a radial distribution of molecules instead of a concentric one as in figure 22 . This escape is physically realized in smectics A along the focal conics.
There is thus a profound difference between focal lines in smectics and £5 lines in hexagonal phases, which concerns the topological stability, despite certain geometrical analogies. Another point must be underlined. Thermotropic cholesterics present focal lines in général. However, these defects have never been observed in lyotropic cholesterics such as certain concentrated solutions of synthetic polypeptides [1] . We suggest that the hexagonal order prevents the formation of such defects. At short distance, the reticular layers are developable and the formation of revolution domes (as in smectics A and in thermotropic cholesterics) is forbidden. At longer distance, the high density of dislocations (namely screw dislocations necessary for the cholesteric twist) allow very different shapes ; one observes concentric layers in the spherulitic germs of these synthetic polypeptides. The formation of £5 lines is also difficult to Fig. 22. -A [23] . The layers do not form domes, but a double fold twisted along the radius. The director distribution is continuous all along this defect of the cholesteric arrangement [24] . The 
